Based on the fixed-point index theory for a Banach space, positive periodic solutions are found for a system of delay difference equations. By using such results, the existence of nontrivial periodic solutions for delay difference equations with positive and negative terms is also considered.
Introduction
The existence of positive periodic solutions for delay difference equations of the form x n+1 = a n x n + h n f n,x n−τ (n) , n ∈ Z = {. ..,−2,−1,0,1,2,...}, (1.1) has been studied by many authors, see, for example, [1, 3, 5, 7, 8, 9] and the references contained therein. The above equation may be regarded as a mathematical model for a number of dynamical processes. In particular, x n may represent the size of a population in the time period n. Since it is possible that the population may be influenced by another factor of the form − h n f 2 (n,x n−τ(n) ), we are therefore interested in a more general equation of the form x n+1 = a n x n + h n f 1 n,x n−τ(n) − h n f 2 n,x n−τ(n) , (1.2)
4)
X is an ordered Banach space with cone Ω 0 = {u = {u n } n∈Z ∈ X | u n ≥ 0, n ∈ Z}. X × X will denote the product (Banach) space equipped with the norm 5) and ordering defined by (u,v) ≤ (x, y) if u ≤ x and v ≤ y for any u,v,x, y ∈ X. We remark that a recent paper [4] is concerned with the differential system
y = −a(t)y(t) + f t, y t − τ(t) , x = −a(t)x(t) + f t,x t − τ(t)
. (1.6) There are some ideas in the proof of Theorem 2.1 which are similar to those in [4] . But the techniques in the other results are new.
Main result
In this section, we assume that
Then,
is a cone in X and Ω × Ω is a cone in X × X. 
uniformly with respect to all n ∈ Z. Then (
for u,v ∈ Ω. For any n,ň ∈ Z, we have
Similarly, we can prove that (A 2 (u,v))ň σ(A 2 (u,v)) n for any n,ň ∈ Z. Thus, A : We will show that there exist r * , r * which satisfy 0 < r * < r * such that the fixed point index
To see this, we first infer from (2.4) that there exist β > 0 and r 1 > 0 such that
,
Then the number of elements in F εr (s;u,v), denoted by #, satisfies
where
Next choose α such that α ≥ 1/maε, where
Then in view of (2.3), there exists r * ≤ r 1 such that
Then H = {H n } n∈Z ∈ Ω, and for any (u,v) ∈ ∂(Ω × Ω) r * and t ≥ 0, we assert that
To see this, assume to the contrary that there exist (u 0 ,v 0 ) ∈ ∂(Ω × Ω) r * and t 0 ≥ 0 such that
We may assume that t 0 > 0, for otherwise (u 0 ,v 0 ) is a fixed point of A. 
which is contrary to the definition of t * . Thus (2.17) holds. Consequently (see, e.g., [2] ),
Next, we will prove that there exists r * > 0 such that
To see this, pick c such that 0 < c < min{σ/Mω,σ/M ω}. In view of (2.5) and (2.6), there exists r 0 such that h s f 1 (s,u) ≤ cu for u ≥ r 0 and h s f 2 (s,v) ≤ c|v| for |v| ≥ r 0 , where s ∈ Z. Set
We assert that (2.22) holds. In fact, let (u,v) = r * and u ≥ v. Then
If there exists n 0 ∈ Z such that u n0 < v n0 , then v ≥ σr * . Hence, we have 
The proof is complete.
Sublinear f 1 and f 2
It is possible to find periodic solutions of (1.3) without the assumptions (2.3) through (2.6). One such case arises when functions f 1 and f 2 satisfy the assumptions
where a = {a n } n∈Z , b = {b n } n∈Z , and c = {c n } are positive ω-periodic sequences, and for each n ∈ Z, the function d n (x) is continuous, nonnegative, and Proof. Note that Ω 0 × Ω 0 is a normal solid cone of X × X. Let A 1 , A 2 , and A be the same operators in the proof of Theorem 2.1. Set
−1 exists and that
Thus, we have (
we get that u ≤ K 1 u + g for any u ∈ Ω 0 , which satisfies u ≤ r 0 .
Note that if |v| ∈ Ω 0 and ρ(K 2 ) < 1, we have |v|
Then for any open set (A 1 (u,v) ) n ≤ K 1 u n + g n , this is contrary to the fact that u ≤ r 0 as shown above.
Thus
The proof is complete. 1 , and f 2 in Section 1, suppose that f 1 and f 2 satisfy The proof is similar to that of Theorem 3.1 and hence omitted.
Theorem 3.2. In addition to the assumptions imposed on the functions G, G, h, h, f
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Applications
We now turn to the existence of nontrivial periodic solutions for the delay difference equation
where {h n } n∈Z and { h n } n∈Z are positive ω-periodic sequences, {τ(n)} n∈Z is an integervalued ω-periodic sequence, and f 1 , f 2 are real continuous functions which satisfy f 1 (n + ω,u) = f 1 (n,u) and f 2 (n + ω,u) = f 2 (n,u) for any u ∈ R 1 and n ∈ Z.
We proceed formerly from (4.1) and obtain
Then summing the above formal equation from n to n + ω-1, we obtain
where s > 1. It is not difficult to check that any ω-periodic sequence {x n } n∈Z that satisfies (4.3) is also an ω-periodic solution of (4.1). Furthermore, note that
(4.5) s > 1. If f 1 and f 2 satisfy the additional conditions f 1 (n,0) = 0 = f 2 (n,0) for n ∈ Z as well as (2.3) , (2.4) , (2.5) , and (2.6) uniformly with respect to all n ∈ Z, then (4.1) has at least a nontrivial periodic solution.
Periodic solutions of coupled equations
Indeed, let A 1 , A 2 , and A be defined as in the proof of Theorem 2.1. Then from Theorem 2.1, we know that there exists (u
, which is contrary to the fact that (u * ,v * ) = (0,0).) Thus u * − v * is a nontrivial periodic solution of (4.3), and also a nontrivial periodic solution of (4.1).
Next, we illustrate Theorem 3.1 by considering the delay difference equations
where {a n } n∈Z is a positive ω-periodic sequence but
is a real continuous function, and f (n + ω,u) = f (n,u) for any u ∈ R and n ∈ Z.
The existence of positive periodic solutions for (4.7) have been studied extensively by a number of authors (see, e.g., [1, 3, 5, 7, 8, 9] ). Here, we proceed formerly from (4.7) and obtain
Then summing the above formal equation from n to n + ω-1, we obtain 1/a k ) ). It is not difficult to check that any ω-periodic sequence {x n } n∈Z that satisfies (4.9) is also an ω-periodic solution of (4.7).
Choose f (n,x) = λ sinx + p n , f 1 (n,x) = λ | sinx| + sinx 2 + p n , Under this condition, Theorem 3.1 asserts that (4.7) has at least one periodic solution. Note that 0 is not its solution. Thus, our periodic solution is nontrivial.
